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ecrure 2.2

Vector valued functions

22.1 Scalar triple product

If

are vectors then the number 7 = u;i + u2f+ usk, o= vii+ v2f+ vsk and @ =
wii + wy ] + wsk are vectors then the number i - (¥ x @) is called the scalar triple
product of & U and 0. The value of scalar triple product can be obtained directly from
the formula

Uy Uz us
u-wxw)=| 1 vy v3

wy, w2 ws

Theorem 22.1. Let ii, U and i be nonzero vectors. The volume V of the parallelepiped
that has i, U and t as adjacent edges is

V=t (Ux ).

Moreover, ti- (U x i) =0 ifand only if il, U and i lies in the same plane (coplaner).
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Figure 22.1: Direction cosines.

22.2 Direction cosines

Definition 22.2 (Direction cosines).
The direction cosines of a nonzero vector U = v1i + v, j + v3k are defined by
(4] %) U3
cosa=—, cosff=—, cosy=—.
17l U] U]

By definition
cos® a +cos? B +cos’y =1.

Example 22.1. Find the direction cosines of vector U = 2i — 4] + 4k.

Solution. As|V|=+v4+16+16 =6, thus

Consequently, we have

22.3 Parametric equations of lines

Definition 22.3 (Parametric equation).
Suppose that a particle moves along a curve C in the xy—plane in such a way that its
x— and y—coordinates, as functions of a parameter t, are

x=f®), y=g.

We call these the parametric equations of motion for the particle and refer to C as
the trajectory of the particle or the graph of the equations.
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Figure 22.2: Parametric curve.

Example 22.2. Consider the particle whose parametric equations of motions are
x=1t-3sint, y=4-3cost

It’s trajectory over the time interval 0 < t < 10 is sketched in the Figure 22.3.
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Figure 22.3: Parametric curve defined by x = r —3sint, y=4-3cost.

Definition 22.4 (Parametric equation of lines).
A line in three dimension that passes through the point Py(xy, Yo, z0) and is parallel to

the nonzero vector
v=(a,b,c) =af+bf+clAc

has parametric equations

X =Xo+at,
¥ =Yo+bt,
z=12zp+cCt.

Example 22.3. Find the parametric equations of the line passing through (1,2, —-3) and
parallel to U =4i +5] — 7k.
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Po(xo- Yor 20)

X

Figure 22.4: Line passing through Py (xo, yo, zo) and parallel to ¥ = ai + bj + ck.

Solution. The line has parametric equations
x=1+4t, y=2+5¢t z=-3-T7t.
O

Example 22.4. Find the parametric equations of the line passing through P;(2,4,—1)
and P»(5,0,7).

Solution. The vector vecP1P, = (3,—4,8) is parallel to the required and the point
P1(2,4,-1) lies on the line, so it follows that the line has parametric equations

x=2+3t, y=4-4t, z=-1-8t.

22.4 Vector equations of lines

As two vectors are equal if and only if their components are equal. So the parametric
equations of line can be rewritten in the form

(x,9,2) = (xo + ta, yo + th,zo + tc),
or equivalently, as
(x, y,2) = (X0, Y0, 20) + t(a, b, c).

If we define
F=(x,¥2), To= (X0 Y0 20), U=1(a,b,c).

Then:

Definition 22.5 (Vector equation of lines). The vector equation of line is

-

F=To+tD.
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Figure 22.5: Vector equation of line.

Example 22.5. Find parametric equations of the line L passing through the points
P1(2,4,-1) and P»(5,0,7).

Solution. The vector P1 P, = (3,—4,8) is parallel to the line, so it can be used as 7. For
7o we can used either the vector from the origin to P; or the vector from the origin to
P;,. Using the former yields

7o =(2,4,-1).

Thus, a vector equation of the line through P; and P; is

(X»J/, Z) = (2)4)_1) + t(3)_478)-

22.5 Vector equations of planes

Definition 22.6 (Normal vector).
A vector perpendicular to a plane is called a normal to the plane.

Figure 22.6: Plane with normal 7, and containing points Py (xo, yo, 29) and P(x, ¥, 2).

Suppose, we want to find the equation of the plane passing through Py (xo, yo, 20)
and perpendicular to the vector n = (a, b, ¢). Define the vectors
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F=(xy2 and 7= (X, Yo,20)-

The plane consists precisely of those points P(x, y, z) for which 7 — 7 is orthogonal to
nie.

- -

n-(F-rg)=0.
We can also express this vector equation of a plane in terms of components as
(a,b,c,)- (x=xo,y = Y0, 2= 20) = 0
from which we obtain
a(x—xo) +b(y—yo0) +c(z—2zp) =0.
This is called the point-normal form of the equation of a plane.
Theorem 22.7. Ifa, b, c # 0 and k are constants, then the graph of the equation
ax+by+cz+d=0
is a plane that has the vectorn = (a, b, ¢) as a normal.

Example 22.6. Find an equation of the plane through the points P1(1,2,-1), P»(2,3,1)
and P5(3,-1,2).

Solution. Since the point Since the points P;, P,, and Ps lie in the plane, the vectors
PP, =(1,1,2) and P, P3 = (2,-3,3) are parallel to the plane. Therefore,
Pk
PiP,xPPs=1 1 2 |=9i+j-5k
2 -3 3

is normal to the plane, since it is orthogonal to both P;P, and P, P;. By using this
normal and the point P;(1,2,—1) in the plane, we obtain the point-normal form

9x—-1)+(y—-2)-5(z+1)=0

which can be rewritten as
9x+y-5z—-16=0.

Example 22.7. Determine whether the line
x=3+8¢t, y=4+5t, z=-3-1t1

is parallel to the plane x —3y + 5z = 12.
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Solution. The vector v = (8,5, 1) is parallel to the line and the vector n = (1,-3,5) is
normal to the plane. For the line and plane to be parallel, the vectors ©# and n must be
orthogonal. But this is not so, since the dot product

von=@) 1)+ 6G)(=3)+(=1(()=-12

is nonzero. Thus, the line and plane are not parallel. O

22.6 Vector-valued functions

Definition 22.8 (Vector-valued function). A vector-valued function, or vector func-
tion, is simply a function whose domain is a set of real numbers and whose range is a
set of vectors.
For every number t in the domain of r there is a unique vector denoted by r (t) € R3.
If f(1), g(1), and h(t) are the components of the vector r(t), then f, g, and h are
real-valued functions called the component functions of r and we can write

) =f(i+g)j+hk.

I'(E) - : lPE_"IZr.-l.:‘,w'\.hm}
h(t)k c/

/! P ...\
/£ ST
pe T
g(1)j v o v(ty=(f(r) git), ity ¥

Figure 22.7: Vector valued function r and its component functions.

Definition 22.9. The domain of a vector-valued function r(t) is the set of allowable
values for t. If r(t) is defined in terms of component functions and the domain is not
specified explicitly, then it will be understood that the domain is the intersection of the
natural domains of component functions; this is called the natural domain of r(t).

Example 22.8. Find the natural domain of
rt) = (Int-1],e", V) =In|t—1]i + e’ j+ Vrk.
Solution. The natural domains of the component functions
x()=Inlt-1], yO=e', z()=Vt

are
(_OO: 1) U (1) +OO), (_OO, +OO), [O) +OO)
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respectively. The intersection of these sets is
[0,1) U (1, +00)
so the natural domain of r(¢) consists of all values of ¢ such that

0<t<l or t>1.

22.7 Limits, continuity & differentiablity

Definition 22.10 (Limits of vector-valued functions).

Let r(t) be a vector-valued function that is defined for all t is some open interval
containing the number a, except that r(t) need not be defined at a. We will write

%imr(t)zL if and only if %imlr(t)—leO.
—a —a

Figure 22.8: Left: r(¢) approaches L in length and direction if }im r(#) = L. Right: [r(f) -
—a

L| is the distance between terminal points for vectors r(¢#) and L when positioned with
the same initial points.

Theorem 22.11. Ifr(t) = (x(2), y(1), z(t)) = ()i + y(8) j + z() k, then

lim r(¢)
t—a

(lim x(1),lim y(t),lim z(t))
I—a I—a t—a

limx(t)f+ limy(t)f+ limz(t)lAc
I—a i—a i—a

provided the limits of the component functions exist. Conversely, the limits of the com-
ponent functions exist provided r(t) approaches a limiting vector as t approaches a.

Example 22.9. Letr(t) = t*i +e'j — (2cosnt)k. Then

limr(f) = (lim 2]+ (lim et) j- (lichosm‘) k= Jj- 2k.
—0 t—0 t—0 t—0
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Definition 22.12 (Derivative of vector functions). Ifr(t) is a vector-valued function,
we define the derivative of r with respect to t to be the vector-valued function r’ given
by
r(t+h)—r(t)

h
The domain of v’ consists of all values of t in the domain of r(t) for which the limit
exists.

r'(t) = lim
h—0

3 AY ¥
r(t+ ) = r(0) r(t+ ) -6 A, r

r(f) = r(f)
r(¢) )
c rit+ ) [ c

X X X

Ly \

h=0 h<0

Figure 22.9: Idea of the derivative of a vector valued function.

Theorem 22.13. Ifr(t) is a vector-valued function, thenr(t) is differentiable at t if and
only if each of its component functions is differentiable at t, in which case the compo-
nent functions of ¥'(t) are the derivatives of the corresponding component functions of
r(e).

Example 22.10. Letr(t) = 27 + etf— 2 cosnt)lAc. Then

’ d(tz)’+ d( oY d(z Dk=2ti+e'j+2usinn)k
r=— l — e - COSTT = l e TSsInmT .
dr PTRAPT: J

Definition 22.14 (Tangent vector).

Let P be a point on the graph of a vector-valued function r(t), and let r(ty) be the radius
vector from the origin to P. If r'(t) exists and r'(ty) # 0, then we call r'(ty) a tangent
vector to the graph of r(t) at ty, and we call the line through P that is parallel to the
tangent vector the tangent line to the graph of r(t) at r(tp).

Example 22.11. Find parametric equations of the tangent line to the circular helix
x=cost, y=sint, z=t
where t = ty, and find parametric equations for the tangent line at t = 7.
Solution. The vector equation of the helix is
r(t) = cos ti +sin tf+ tk.

Threfore,
r(t) = cos tyi +sinfy ] + tok.
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x r'(tp)

P

"‘-‘. Tangent
r(fy) " line

X

Figure 22.10: Tangent line and tangent vector.

and
o = r’(ty) = —sin toi + cos t0f+ k.

Figure 22.11: Circular helix defined by x =cost y=sint and z = t.

It follows that the vector equation of the tangent line at t = t; is

r(H) = (costyi+sinty]+ tok)+t[—sintyi+costy] + k]

= (costy—tsin to)f+ (sinty + tcos to)f+ (to + Nk
Thus the parametric equations of the tangent line at ¢ = ¢y are
X=cosly—tsinty, y= —sint0f+cost0, zZ=1Ily+t.
In particular, the tangent line at ¢ = 7 has parametric equations
x=-1, y=-t, z=m+t.
O

Definition 22.15. Let r(t) and r,(t) be two vector-valued differentiable functions,
then

d
—[n®- -r®]

02+ L (1) 1o (0)
dt Ty ar T

i[ (1) x r2(1) ] () % 220+ 2L (1) x 1a(1)
qrtxn n dt PTAE
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Theorem 22.16. Ifr(¢) is a differentiable vactor-valued function and |r(t)| is constant
forallt, then
r(t)-r't) =0,

that is, r(t) and r'(t) are orthogonal vectors for all t.

22.8 Integration

Definition 22.17.

Let r(t) be an integrable vector-valued function, then

b b . b A b .
/ r(Hdt = (/ x(t)dt)i+ (/ y(t)dt)j+ (/ z(t)dt) k.
a a a a

An antiderivative for a vector-valued function r(t) is a vector-valued function R(t)
such that R(t) = r(t).

Remark 22.18. The vector form of fundamental theorem of Calculus is given by
b b

/ r(t)dt = R(1)
a a

= R(b) - R(a@).

2
Example 22.12. Evaluate the definite integral / @ti+3t%))dt.
0

Solution. Integrating the components yields

2 . 2, 2.
/(2ti+3t2j)dt:t2‘ i+ 8| j=aiv8].
0 0 0

Example 22.13. Find r(t) given that r'(t) = (3,2t) and r(1) = (2,5).
Solution. Integrating the r’(¢) to obtain r(z) yields
r(t) = /r’(t)dt = /(3,2t)dt: @, t2)+C

where C is a vector of integration. To find the value of C, we substitute ¢ = 1 and use
the given value of r(1) to obtain r(1) = (3,1) + C = (2,5) so that C = (-1, 4). This,

(D) =3t +(-1,4) = Br—1, 12 +4).
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